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r It is well knownthat moment estimates for the Weibull distribution with
Cshape parameters 8 and scale parameter 6 can be found by solving for P the

"" '- equation

s /x z [r(l + 2/6)/r (I l/ )] - 1; (])

and having found A, obtaining the estimate for 6 as
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- x/r(l + 1/8) (2)

where Y and s2 are the sample mean rnd variance.
To facilitate the solutions for 8 and 6, we provide a table of a vs.

the -ight-hand side of equation (1) and, in parallel, of P(l + 1/8).
The method-of-moments is known to be inefficient with respect to a

numher of other estimation procedures and should be used only when the
nature of the data available does not permit the use of one of these
better methods, or if the sample size is "large". Examples of the former
situation, and of the use of the tables, are provided.
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I. Tntroduction and Summary

It is well-known that moment estimates for the Weibull distribution

with shape parameter P and scale parameter 6,

-1

(1) f(t) =  exp (t/ 6) ' P > 0, 6 > 0

can he found by solving for 8 the equation

(2) a 2/i'= r (1 + 2/A) /r2(l + l/R)]I- 1

and, having found A, obtaining the estimate for 6 as

(= I+ 1A).

[he quantities p and P2 are sample estimates of population mean and

va r iance.

To facilitate the solution for a and 6 we provide herein a table of

vs. the right-hand side of equation (2) and, in parallel, of r(l + l/).

2..WhY ue the method-of-moments?

It is well-known that the method-of-moments is inefficient with respect

to a number of other estimation procedures and that it should be used only

when the nature of the data available does not permit the use of one of

the>-v better methods, or if the sample size is "large." Here is an in-

..ti;ice of the former situation.

The data available for analysis come from k independent samples, all

priesn, ahly fror, the same Weihull population. The sample sizes are

lnrhented at the 1981 Annual Meeting, American Statistical Assoc. This research
w;i; ,.IJ)ported 1y t'h( ofrice of' Nnval Research under contract #NO0014-7. ( 73.3,
'Task NR042 .323, (od 434. r.production in whole or in p[rl is penrit tc otr in"y

opurpose of the UInited States Governmnnt.
.1niversity of Southern California
California State University, Northridge
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ni, n2 , ., nk . The individual values Tij (j 1,2, .... ni; i=1, ... ,k)

ni

are not available; only the sums Ta =Tij -- representing the total
j=l

time-on-test in the i-th sample, and the sample sizes, n i (0=1,2,...,k)

are known.

k k

Let T = Ti and n = ni . It is easy to verify that i =- Ti/n i1 1

is an unbiased estimate of vi, the population mean, based on data from the

i-th sample alone, that = T/n is an unbiased estimate of pi, and that

k
i4) 2 n1 )

1

is i unl)iaLsed estimate or a? , the popul ation variance.*

An example follows:

3. iA ll

We generated random variates from a Weibull distribution with 6 = 1000

and = 3. We took k = 4, n1  5, n2 = 8, nq = 9, n4 = S. We found

Ti = 5525.22, T2 = 5321.26, T3 = 10,783.55 and T4 = 5806.61. Thus vA

1105.04, 662 b65.16, 3 = 1198.17, 4 = 1161.32, vi - 1016.17,

4,0,213.29 and /A2 - .461177. Using our table, we obtain

1 016.17
;. 1 . :,i; 9~ = ) --'- ... 1125. (,.

4. [he Tabl es

As stated at the outset, we tabulate a vs [Iu + 2/6)/r'2(n + /p)j

vs F(1 + 1/s) for 6 over the range 0.200 to 10.000, this chosen because

*It hould be noted that the foregoingp doesn't depend at all upon the WeibulI
:1 1,,1U11)ti on. It is tnte generally under the assumptions of independence and
homo,eneity provided, of course, that the common distribution lias a variance.



it covers what we believe to be the set of values likely to be encountered

in practice. The increments for 8 are not uniform, but selected to provide

F r "smooth" coverage of the functions being tabulated. The tabulation is

for 8 0.2(.001)0.5(,01)1.0(.l0)10.0.

The tables are appended.

5. Other Treatments of This Problem

Marquina (1979) has suggested a root-finding procedure to estimate

from eq. (2) -- or rather its reciprocal. Shooman (1968) has suggested

an iterative approach. The latter seems less tractable than our tabular

approach. If more accuracy is needed, our approach could be used to

obtain a good starting value for a root-finding procedure, such as the

one proposed by Marquina.

3
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0.200 251.00010 120.00006 0.260 56.603M17 l9.OP67
0.201 243.03555 115.02019 0.261 55.54045 18.677F7
0.202 235.40051 110.30550 0.262 54.50492 18.28150
0.203 228.07858 105.81927 0.763 53.49636 17.R9743
0.204 221.05433 101.60598 0.264 52.51389 17.52501
0.205 214.31318 q759121 0.26S 51.55667 17.164030,,206 207.80140 93,79157 0.,266 50.62391 16.813F4

0.207 201.62602 90.66461 0.267 49.71490 16.474100.?08 19S.65479 86.T?872 0,,268 48.R92862 16.14443

0.209 18.91613 R3.46312 0.269 47.06464 15.36495,3.210 184. 3q912 80°.35776 0.270 47,12215 15.,131

0.271 179.09340 77.4025 0.271 46.30050 15.2'1ir
J.212 173.98920 74.7qOR5 0.272 4.49905 14.9194 1
0.213 169.0775 71.9239 0.273 44.1716 14.6340
0.214 164.34880 69.36025 0.274 43.95424 14.358061.715 159.79554 66.92729 0.285 3.29 1442

3.226 155.40960 64.60685 0.276 42.4R304 13.8740l
0.21r IS1.3453 62.3970 0.277 41.77366 13.-74()2
1.218 147.11026 60.2789 0.278 41.0810 13.32699
1.219 143.18307 52.26025 0.27 40.40477 13.rP67i
0.220 139.3156 56.3335 0.280 33.74438 12.85?94
0.2?1 135.74183 54.48749 0.281 39.09014 12.f,541?
0.222 132 21qq 52.72415 0.28? 38. 46889 12.40409D.?22" 128:8 q265 '51,,03,710 0 .283 1 7.85311 12.lStr)R

0.224 125.5266C 49.42235 0.284 37.25138 ll.97975
9.22,  122.35294 47.P7617 0.285 36.66329 11.77L42

3.226 119.28697 46.3950 0.286 36.08845 1.,5740
'.?27 116.32424 44.97567 0.287 35.52l04 9.6l14
0.228 113.46050 43.61492 0.288 34.97706 11.I461
0.239 80.66 7 42.30987 0.27934.4397q 9.4013r

,).240 108.01403 41.05775 0.290 33.91434 10.8?q,6
.. 61 105 642179 39.85;98 0.291 'A3.40038 1 .1 ,,41 2

,1.2 42 10 .91749 8.70201 0.302 32.?n711 1. it- It
,1.24 00.49366 "7.59 6 074. 3q 2. to O, 71 if)| 1,171
.4 98.14356 16. 88?7 0.394 11 .%)4"9 1. 4 7 S,A ./ i <05.R6972 1 5 . 0 5 1 2  (l) . tp ) W 3 1 .4t ")J ") ', (.n ,

0.2) 93.66760 4.5094 0.206 20.29918 9 .- H 4."'1
1.217 9 .1 26 '. 3, 5406 0.297 20.84104 9. c148

8.4660q 12.66301 0.298 30.0924 9.t'449.). 239 87.4625S5 31.78619 1.,29q 29g.6h66 9. 401}7

0.240 8.91991 30.9478 0.300 29.14307 9.260',
0.241 83.63616 30.12867 0.301 2?.7984 ? .13571
1.242 81.8093 29.345 1 0.302 28.452191 f,.0qpg
1.244 80.03669 28,58996 0.303 25.1?395 ,.i51)26
1.244 68.33684 27.86189 0.304 27.633q4 8. 731.-4
0.245 76.64766 27.159T4 0.305 27.?5188 8.602 ,94
0.64 75.02731 26.4236 0.306 23.87748 .48508
.247 73.45402 25.82870 0,107 26.5156 8.36598

,O.?4A 71.92611 25 '1772 .08 2.10 f.q5
1.749 70.44196 24,58846 0.309 7r,.79841 Fi. 3' 71

0.257 69.00004 ?4.00001 0.310 75.45280 .011)().2Sl 67.59RRI 23.4314R 0.311 25-1119 5 "F •Q' f~l€ i
0.2 52 6fi. ?3bq0 ??.98205 01312 24.f19|68 7.8) 1) 0' ') 6
I . 2;'1 64.Ql2q3 2 2 .15 0 2 O.A*ti" 2 4 . 4 Sr, P4 7 . 7 0 49 0,( I:

0.254 63.67S59 21.83135 0.314 74.13675 7.6 ' "?,q
1). ?1;, 6?o3"7362 71.3406t n.315 23.42?18 7 .r-) .1 7
n.256 61.19 558? ?0.86003 O.M61/ 23.51rs?7 7.4(S 26q
0'. 2 gi7 59,97104 20.3q496 0,.317 2 3.2 1 IV)7 7. 31016

0.258 58.81816 19.94477 0.318 22.91755 7.21666
0.259 57.69611 19.50888 0.319 22.62706 7.12512

S



r(1+~)____r(1+2F
r2 (1-1)

0.520 22.34199 7.03548 0.380 11.74018 3.85436
0.321 22.06219 6.94710 0.381 11.63381 i.n2302
0.322 21.78755 6.86173 0.387 11.52892 3.,031?
0.323 21.51794 6.77752 0.383 11.42547 3.76e16
0.324 21.25324 6.69502 0.384 11.32345 3.73467
0.325 ?0.99334 6.6141q 0.38r) 11.22281 3.70609
0.326 50.73814 6.534q9 0.386 11.12355 3.677910.377 20.48751 6.4,737 0.397 tt.0?5f3 3.6'Y)16
1.328 20.24135 6.18129 0.388 10.92904 3.6/281
0.329 19.9957 6.30671 0.389 10.83374 3.595P;
0.330 19.76206 6.?3360 0.390 10.73972 3.56+?P
0.331 19.,2873 6.161,L 0.391 10.64695 3.54'409
0.332 19.2,4 6.0,9162 0.392 10.55542 3.517?7
0.333 19.07422 6.02268 0.393 10.46509 A.491A?
O.334 1.85286 5.95507 0.394 10.37595 3.46673
0.335 18.63532 5.813815 0.395 10.28799 3.441QP
0.336 18.42150 5.82368 0.396 10.2011L6 3.4175 9
0.337 11.21133 5.75984 0.397 10.11547 3.39354
0.338 18.00473 5.69720 0.398 t0.03089 3.36982
0.339 17.80162 5.63573 0.399 9.94740 3.346,4?
0.340 17.60192 .57540 0.400 9.86498 3.32335
3.341 17.40557 5.51618 0.401 9.78361 3.30059
9.342 17.21248 5.45805 0.402 9.70329 3.77815
0.343 17.02259 5.40098 0.403 9.62398 3.25600
0.344 16.83582 5.34494 0.404 9.54567 3.23416
0.345 16.65213 5.2P991 0.405 9.46834 3.21?61
3.346 16.47143 5.?3588 0.406 9.39109 1.19135
!).147 16.29366 ,.18280 0.407 9.31659 3.17017
".34R 16.11877 5.13067 0.408 9.24213 3.14q9h
).349 15.94669 5.07946 0.409 9.16859 3.129?4
0.350 15.77737 5.02915 0.410 q. Oqs09 3.10 lq
).351 15.61075 4.97971 0.411 9.02471 3.0RQI
9.352 15.44677 4.93114 0.41? 8.95335 3.Ofl' i
).353 15.28537 4.88340 0.413 8.88335 3.05916
0.354 15.12652 4.81648 0.414 8.81420 3.313
3.3r, 14.97014 4.79017 01.415 8.74)89 I.01215

0.356 14.41621 .74504 0.416 8.61840 2.,, S,
0.151 14. 6646S 4.70048 0.417 8. 61172 7 .1 7T 111
0.358 14.51543 4,65667 0.419 8.54583 ?.9563
0,k)9 L4.36851 4.61359 0.419 8.48073 2.9389P
0.360 14.22383 4.57123 0.420 8.41641 7.92127
0.161 14.08134 4.52957 0.421 8.35284 7.q0377
1.362 13.94102 4.48859 0.422 8.29002 2.A650
1.363 13.80281 4.44829 0.423 8.22704 2.R-944
0.364 13.66667 4.40865 0.424 8.16658 ?.5259
0.365 13.53257 4.36965 0.425 8.1|054 2.Ri.NOr
0.166 13.40045 4.33128 0.426 8.04600 2. R1 I).l
D.3&7 13.27030 4.2q3%2 0.427 7.98675 ?A1'?T
9.3 68 13.14206 4.25637 0.4?8 7.92819 2.7r4724
0.36 13.01570 4.21981 0.429 7.87029 2.7713i
0.310 1?.89119 4.18383 0.430 7.81306 ?.15574
0.171 12.76848 4.14842 0.431 7.75647 2. 7r)"R
f. 372 12.64755 4,.11356 0.43? F. 70053 2. 72500
.37* 12.52837 4.07925 3.433 7.4N4522 ? . fo')90

9.3f4 12.41089 4.04546 n°434 1.59053 7.694 9q0.375 12.950) 4.01220 0.43S 7.S1646 ?.t)931P ,

0.376 12.18094 3.97945 0.436 7.4829 2. ';68
0.177 12.06840 3.94720 0.437 7.43011 2.b6512q
.. 378 11.95744 3.91544 0.438 7.37782 2.63706
). 179 11 .84805 3.88417 0.439 7. 32611 2. f,?300
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- -1

- 1 r

3. 4 4 7.27497 2.60911 0.500 5.00000 ?. o0o)
0.44L 7.22438 2.59537 0.510 4.73210 l.9?0'1
0.442 7.17435 2.58179 0.520 4.48658 I.86516
0.443 7.l2487 2.56837 0.530 4.26097 I.i0?;24
0.444 7.07592 2.55511 0.540 4.05316 1.75718
0.445 7.02750 2.54199 0.550 3.86129 1. 70?41
3.446 6.97960 2.52902 0.560 1.68173 1.6568;,
*).447 6.93221 2.51620 0.5?0 3.51908 1.6141,
0.44H 6.88534 2.50352 0.580 3.36608 1.5748)
0.449 6,83896 ?.49099 0.590 1.22365 l.53845
0.450 6.79307 2.47859 0.600 3.09080 1.50458
0.451 6.74767 2.46634 0.610 2.96667 1.47303
0.452 6.70274 2.45422 0.620 2.85050 1.44360
3.453 6.65829 2.442.3 0.630 2.74160 1.41611
0.454 6.61431 2.43038 0.640 2.61937 1.39039
0.455 6.57078 2.41865 0.650 2.54324 1.36627
J.456 6.52770 2.40706 0.660 2.45274 1.343(t5
I.4r 6.48507 2.39559 0.670 2.i,141 1.3224,
0.458 6.44289 2.38424 0.680 2.28687 1.In?41
1.459 6.40113 2.3730? U.690 2.21073 1.zP"5;
r).460 6.35980 2.36192 0.700 2.13869 1.26'A?
0.461 6.31890 2.35091 0.710 ?.07043 .?490t,
0.462 6.2784t 2.34007 0.720 2.00569 1.213?3
1.463 6.23833 2.32932 0.730 1.94423 1.?12r
1.464 6.18R66 2.31868 0.740 L.88581 1.20407
0.465 6.15938 2.30816 0.750 1.P3023 1.l0064
0.466 6.12050 2.29775 O.T60 1.77731 1.17790
0.467 6.08201 2.28745 0.770 1.72687 1.165801.46l 6.04390 ?.277?5 0.780 1.67875 1.1543?
3.469 6.00618 2.26716 0.790 1.h37RO 1.1433C
0.470 5.96882 2.25718 0.800 1.5F889 1.13100
3.4,1 5.93183 2.24730 0.810 1.54690 1.12311
0.472 5.8C521 .73752 0.820 1.s0672 1.1l369
0.47-1 5.8895 2.22784 0.830 1.46A22 1.10470
0.474 5.82304 2.21826 0.840 1.43133 1.09611
0.475 5.78748 2.20878 0.850 1.39C94 1 .079
0.47, S .75227 ?.1q94o 0.860 1.16197 I1.08014
0.47F 5.71739 2.19011 I.R7O 1.32935 1.O)12eH
0.478 5.68286 2.18091 0.880 1.2qAOO 1.0654
0.479 5.64865 2.17181 0.890 1.26785 1.0587?
C.480 5.61477 ?.16280 0.900 l.23484 1.OC219
0.481 5.58122 2.15388 0.910 1.21090 1.04r )l
0.48? 5.54798 2.14504 0.9?0 1.18399 I.',fl3 ,4
0.483 5.51506 2.13630 0.930 1.15806 .034,i0
0.484 5.48246 2.12764 0.940 1.13304 1.070(1'
.485 5.45015 2.11907 0.950 1.10891 1.0?14l

0.486 5.41l16 2.1L058 0.,6,0 1.08561 1.01,334
0.48 5.38646 2.10217 0.970 1.06310 1.0134
0.488 5.35505 2.093n'; 0.980 1.04136 1 .10Mo
i).489 5.32394 2.08561 0.990 1.02033 1.o04ll
0.490 5.29312 2.0774! .000 1.00003 1.0000
0.491 5.26258 2.06936 1.100 0.82849 0.Q ,401
0.492 5.23233 2.06136 1.200 0.70041 OA.84061A
0.493 5.20235 2.05341 1.300 0.60174 0.'235,1
0.494 5.17265 2.04558 1.400 0.52382 0.91142
0.495 5.14321 2.03780 1.500 0.46100 0.q0275
0.496 5.11405 2.03009 1.600 0.40948 0.89657
0.497 5.08515 2.02246 1.700 0.36661 0.q9224
0.498 5.05651 2.01490 1.800 0.33048 O.RR979
0.499 5.02813 2.00742 1.900 0.29970 O.8?16



-- 1 -)(11 r+
r,2(alpd (

2.3 DO 0.27324 0.88623 8.000 o.0201 0.94174?.I00 0.25029 0.88569 8.100 0.02151 O.C;4?3!
2.200 0.23024 0.88562 8.200 0.02102 0.94?P6
2.300 0.21260 0.88591 8.300 0.02055 0.94341
2.400 0.19699 0.88648 8.400 0.02009 0,943.5
2.500 0.18310 O.R8726 8.500 0.01965 1.94447
2.600 0,17069 0.88821 8.600 0.01923 O.944r9
2.700 0.15954 0.88928 8.700 0.01881 O.q4Sr.O
2.800 0.14948 0.89045 8.900 0.01841 O.rY4699
2.900 0.14037 0.89169 8o900 0.01803 O.0464Q
3.000 0.13209 0.89298 9000 0.31765 0.94697
A-oo0 0.12455 0.389411 q.100 0.OL729 ).q4144
3.200 0.11765 0.89565 9.200 0.01694 0. q47/)O
3.300 0.11132 0.89702 9.300 3.01660 0.94830$V
3.400 O.105SI 0.89838 9.400 0.01627 0.94Aql
3.500 0.10015 0.89975 9.500 0.01594 0.94Q25
3.600 0.09519 0.90111 9.600 3.01563 0.94968
3.700 0.09061 09q0245 9.700 0.01533 0.45011
3.800 0.08635 0.90379 9.800 0.01504 0.95053
3.900 0.08239 0.90510 9.900 0.01475 0.95094
4.000 0.07871 0.90640 10.000 0.01447 0.Q"135
4.100 0.07527 0.90768
4.200 0.07205 0.90894
4.300 0.06904 0.91017
4.400 0.06622 0.91138
4.500 0.06357 0.91257
4.600 0.06108 0.91374
4.700 0.05873 0.91498
4.800 0.05652 0.91600
4.900 0.05444 0.91710
5.000 0.05247 0.91817
5.100 0.05060 0.91922
5.200 0.04883 0.9?025
.300 1.3.04716 0.92125

5.400 0.045 7 0.q2224
5. so, 0.04406 0.92320
5.600 0.04263 0.92414
5.700 0.04127 0.92507
5.800 0.03997 0.92597
5.900 0.03873 0.92685
6.300 0.03755 0.92772
(.100 0.03642 0.92857
6.200 0.03534 0.92940
6.300 0.03432 0.93021
6.400 0.03333 n.93100
6.500 0.03?39 0.93118
6.600 0.03149 0.93254
6.700 0.03062 0.93329
6.800 0.0297q 0.93402
j .0 0.02900 0.*3474
7.000 0.02823 0.93 44
r. t0 0.02750 0.936i3
7.200 0.02679 0.93680
7.300 0.02611 0.93746
7.400 0.02546 0.93811
7.500 0.02483 0.93874
7.600 0.024213 0.93917
P.700 0.02364 O.93998
7.800 0.02308 0.94058
7.00 0.02254 0.94117




